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Using the definition of cycles in hypergraphs due to Berge, we show that a hypergraphH
containing no 4-cycles satisfies

h∈E(H)(|h| − 3) = O(n3/2).
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
In this paper, we will study cycles (more precisely 4-cycles) in multi-hypergraphs, where cycles are defined in Berge
sense.
Definition 1.1. The (distinct) hyperedges h1, h2, . . . , hk constitute a k-cycle Ck if there are distinct vertices v1, v2, . . . , vk
such that v1, v2 ∈ h1, v2, v3 ∈ h2, . . . , vk−1, vk ∈ hk−1 and vk, v1 ∈ hk.
We deal with non-uniform multi-hypergraphs; however, several related results are proved for uniform, hypergraphs
with no multiple edges. Bollobás and one of the authors proved the following theorem.
Theorem 1.2 ([1]). Let H = (V , E) be a 3-uniform hypergraph of n vertices not containing any 5-cycle. Then
|E | ≤ √2n3/2 + 4.5n.
Lazebnik and Verstraete studied uniform hypergraphs not containing 3-cycles or 4-cycles. They proved the following
theorem.
Theorem 1.3 ([4]). Let H = (V , E) be a 3-uniform hypergraph of n vertices not containing any 3-cycle or 4-cycle. Then
|E | ≤ 1
6
n3/2 + o(n3/2).
For r-uniform hypergraphs, they proved similar estimates. For non-uniform multi-hypergraphs not containing 3-cycles
(triangles), the following estimate was proved.
Theorem 1.4 ([3]). Let H = (V , E) be a triangle-free multi-hypergraph. Then
e∈E
(|e| − 2) ≤ n2/8
if n is large enough.
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In this paper, we prove the following analogous theorem for 4-cycle-free multi-hypergraphs.
Theorem 1.5. Let H be a multi-hypergraph containing no C4. Then
e∈E(H)
(|e| − 3) ≤ 12√2n3/2 + O(n).
It is natural that |e| − 3 must be taken in the sum, otherwise we could have arbitrarily many copies of a 3-edge. This
bound is sharp up to the constant factor as the following example shows.
Construction 1.6. Let G be a maximum size C4-free bipartite graph on V = (V1, V2) with |V1| = |V2| = n/4, say the
incidence bipartite graph of the appropriate finite projective plane with n/4 = p2 + p + 1 for some prime number p. We
define a 4-uniform hypergraph,H , in the following way. We define this on V1 together with 3 copies of V2. For each edge
e = (v1, v2) in Gwe take the corresponding 4-edge containing v1 and the 3 copies of the v2. It is clear from the construction
thatH has no C4. (If a 4-cycle does not contain two different copies of the same vertex in V2, then it corresponds to a non-
existing 4-cycle in G; if it contains two copies then it is easy that they cannot be consecutive vertices in the cycle and if they
are opposite vertices then a hyperedge should be repeated.) Moreover,H has approximately (1/8)n3/2 edges.
2. Proof of Theorem 1.5
LetH be aC4-free hypergraph on n vertices.Without loss of generality, wemay assume that all the edges inH are of size
at least 4. We will define a graph G onV(H) fromH such that the number of edges in G is proportional to

e∈E(H)(|e|− 3).
The idea is to replace each hyperedgewith a star (a tree where all except one of the vertices have degree one) on the vertices
of the hyperedge. For such stars, we call the vertices of degree one, the leaves of the star, and the remaining vertex the center
of the star. We then give each star a unique color. Thus the problem will be reduced to finding the maximum number of
edges in an ordinary graph (a 2-uniform hypergraph) with such a ‘‘star’’ coloring where there is no cycle on 4 colors. Of
course such a cycle would correspond to a forbidden 4-cycle in H . (Note that a cycle on 4 colors in G could be of length
between 4 and 8.)
Claim 2.1. We can replace each edge h ∈ E(H), where |h| ≥ 7 with a star of at least 12 (|h| − 3) edges on the vertex set of h
such that these stars are pairwise edge-disjoint.
Proof. We replace the hyperedges of size at least 7 one by onewith star graphs of unique color in the followingway. Suppose
we are replacing some hyperedge h ∈ E(H) with a star. Let k = |h|. Now there may already be some graph edges defined
on the k vertices of the hyperedge h. However, there cannot be too many; there can be no path (on these graph edges) of
length 5 within h. Such a path would necessarily span at least 3 different colors and thus would correspond to a path (inH)
of length at least 3 within h. But then, these edges and h constitute a 4-cycle inH . We will now apply the classic result by
Erdős and Gallai.
Theorem 2.2 ([2]). Let G be a graph containing no path on l edges. Then G has at most 12 (l − 1)n edges where n is the number
of vertices in G.
Applying this theorem, we can bound the number of such graph edges within h from above by 2k. This implies that the
number of pairs of vertices in h which are not yet graph edges is at least

k
2

− 2k. And we conclude that there is at least
one vertex within hwith non-degree at least
2
k

k
2

− 2k

= k− 5. (2.1)
Here we are simply considering the graph edges defined so far within the hyperedge h. That is, we can always define a star
of size k − 5 without repeating any graph edges in h no matter how the previous stars were defined. Now as |h| = k ≥ 7,
we have k− 5 ≥ 12 (k− 3). So for each such edge h, we can find stars of size at least 12 (k− 3)within h. 
Before we proceed, we need a definition.
Definition 2.3. We say that two vertices are covered by color i if they both are leaves of the star of color i.
Claim 2.4. We can replace each edge h ∈ E(H)where |h| ≥ 7with a star of color h having size at least 16 (|h|−3) on the vertices
of h, these stars are edge-disjoint such that any pair of vertices is covered by at most 3 colors.
Proof. Again, we replace the edges of size at least 7 one by one. For every edge h of size k ≥ 7, apply Claim 2.1, take a star of
size at least 12 (k−3) in the vertex set of h. We will find a substar of this star graph satisfying the conditions of Claim 2.4. We
define an auxiliary graph Gh on the 12 (k− 3) leaves of the star. In Gh, two vertices are connected iff they are already covered
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three times. Then the components of Gh are either of size at most 3 or stars. Otherwise, suppose there is a component of at
least 4 vertices that is not a star. In this case, there is a path of length at least 3 within this component, that is, there is a
3-path within h on 3 different colors, a contradiction thatH is quadrilateral-free. Thus there is an independent set in Gh of
size at least 13 |V(Gh)|. We then replace h with this substar consisting of the center and this independent set; this star has
size at least 16 (|h| − 3), and no two leaves in the star are covered by more than three colors. 
We now replace each hyperedge inH of size at least 7 with such a star. For each hyperedge of size less than 7, we put
in exactly one graph edge such that it does not overlap any already defined graph edges and so that the two vertices of this
graph edge are not covered by more than three colors. It is clear that if the edge has size at least 4, both of these conditions
can be satisfied. In this way, the graph G is defined.
Now we estimate the size of the graph G. We can take a subgraph G0 of Gwhich is bipartite and has at least 12 e(G) edges.
Let V1 and V2 be the color classes of G0 with n1 and n2 vertices, resp. Now, we can take subgraphs G1,G2 of G0 such that the
centers of all the placed stars in G1 and G2, resp., are contained in V1 and V2 and E(G1) ∪ E(G2) = E(G0). Now we claim that
G1 contains no K2,5 with 5 vertices in V1 and 2 in V2. (Notice that partly, any two edges in G1 sharing a common vertex in V2
have different colors, partly the vertices of the K2,5 in V2, say p, q are covered at most 3 times so at most three vertices of the
K2,5 send edges of the same color to {p, q}. So this K2,5 contains a 4-colored K2,2. But such a 4-colored K2,2 implies that our
original hypergraphH had a 4-cycle.) Thus there is no such K2,5 in our graph and double counting the paths in G1 with two
vertices in V1 and one vertex in V2, we get the estimate
x∈V2

dG1(x)
2

≤ 4
n1
2

. (2.2)
Similarly,
x∈V1

dG2(x)
2

≤ 4
n2
2

. (2.3)
Applying the inequality between the quadratic and arithmetic means (Cauchy–Schwarz), the estimates imply that
e(G1) =

x∈V2
dG1(x) ≤ 2

n21n2 + O(n) (2.4)
and
e(G2) =

x∈V1
dG2(x) ≤ 2

n22n1 + O(n), (2.5)
resp. Applying the inequality between the quadratic and arithmetic means again, we get that e(G0) ≤ e(G1) + e(G2) ≤√
2n3/2 + O(n) and
h∈H
(|h| − 3) ≤ 12√2n3/2 + O(n). (2.6)
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